Given a two-generated group of prime-power order, we investigate the singularities of origamis whose deck group acts transitively and is isomorphic to the given group. Geometric and group-theoretic ideas are used to classify the possible strata, depending on the prime-power order. We then show that for many interesting known families of two-generated groups of prime-power order, including all regular, or powerful ones, or those of maximal class, each group admits only one possible stratum. However, we also construct examples of two-generated groups of prime-power order which do not determine a unique stratum.
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Introduction
In this article, we study a certain class of translation surfaces. The theory of translation surfaces has been a very active research area over the past 40 years with connections to mathematical billiards, dynamical systems, and Teichmüller theory. These applications are for example discussed in the survey articles [HS04] , [Wri15] , and [Zor06] .
The strata H g (k 1 × a 1 , . . . , k m × a m ), a i , k i ∈ Z + , stratify the space of translation surfaces of genus g. Here the stratum H g (k 1 × a 1 , . . . , k m × a m ) consists of all translation surfaces of genus g with k i singularities of multiplicity a i + 1 for 1 ≤ i ≤ m. The study of strata has played an important role ever since the fundamental work of Masur, Smillie, and Veech in the 1980s (see [Mas82; Vee89; KMS86] ). A first essential result was achieved by Kontsevich and Zorich with the classification of the connected components of strata in [KZ03] . A natural SL(2, R)-action on each stratum is crucial in the study of translation surfaces. Eskin and Mirzakhani described in their groundbreaking work [EM18] the closure of the SL(2, R)-invariant subspaces.
In our article, we are interested in certain translation surfaces which we call porigamis. Origamis, also known as square-tiled surfaces, are finite torus covers and form a particularly interesting class of translation surfaces. On the one hand, the set of origamis is dense in each stratum. On the other hand, each origami defines a Teichmüller curve, i.e., an algebraic curve induced by the SL(2, R)-orbit of certain translation surfaces. Moreover, each algebraic curve over Q is birational to a Teichmüller curve arising from the SL(2, R)-orbit of an origami (see [EM12] ). In general, the classification of SL(2, R)-orbits of origamis is an unsolved problem. However, in the stratum H(2), the possible orbits of origamis have been classified in [HL06] and [McM05] . Furthermore, counting problems of origamis are related to the study of Masur-Veech volumes of strata (see e.g. [Del+16; Del+19; Agg+19; GM20]). We refer the interested reader to [Sch04] , [Sch07] , and [Zmi11] as introductions to origamis.
Origamis arising as normal torus covers are called regular or normal origamis. In [MYZ14] , the homology groups of normal origamis are studied, and results on the Lyapunov exponents of the Kontsevich-Zorich cocycle (which capture certain dynamical properties of a surface) are deduced.
Each normal origami is determined by its deck transformation group G and a particularly chosen pair of generators (x, y) of G. This description allows us to examine such origamis using group theory. One question which arises naturally asks in which strata normal origamis occur. It turns out that, if G has order d and the commutator of x and y has order a, then the stratum of the corresponding origami is H( d a × (a − 1)) (see Remark 2.9). As special cases of normal origamis, we consider those whose deck group is a finite p-group, that is, a group of prime-power order. We call such origamis p-origamis. A motivating example for studying them is the well-known origami Eierlegende Wollmilchsau (see Example 2.3 and [HS08] ). It is one out of two translation surfaces whose SL(2, R)-orbit induces not only a Teichmüller curve, but also a Shimura curve in the moduli space of abelian varieties. As a consequence, its Teichmüller curve has extraordinary dynamical behavior (see [AN19] and [Möl11] ).
We prove a precise characterization of all strata possible for p-origamis. As for many questions in the theory of p-groups, the situation is fundamentally different for the even prime 2 and for all other odd primes.
Theorem A (Theorem 4.4, Theorem 4.8). Let n ∈ Z >2 . Then any p-origami of degree p n has either no singularity and genus 1, or lies in one of the following strata:
• H 2 n−k × 2 k − 1 , for 1 ≤ k ≤ n − 2, if p = 2, • H p n−k × p k − 1 , for 1 ≤ k < n 2 , if p > 2. Moreover, all of these strata occur.
Consider a fixed abelian 2-generated p-group. Then the commutator of any pair of generators is trivial, and hence, so is the stratum of any p-origami with the fixed group as deck group. Two observations can be generalized from this simple example: First, we prove that the possible strata of a p-origami only depend on the isoclinism class of its (p-)group of deck transformations. Since all abelian groups are isoclinic to the trivial group, this indeed generalized our toy example, while it also implies, for instance, that the dihedral, the semidihedral, and the quaternion group of order 2 k for some k ≥ 1 admit the same possible strata (see Remark 4.3, where we also compute the exact stratum).
Second, we show that far beyond the abelian case, the deck group determines a unique stratum -one which is independent of the choice of generators x, y -in many more situations.
Theorem B (Theorem 4.12). Many deck groups of prime-power order admit only one possible stratum for their p-origamis, including all p-groups G which are regular, of maximal class, powerful, or those whose commutator subgroup G is regular, powerful or order-closed. This includes all p-groups of order up to p p+2 or of nilpotency class up to p.
Our results on strata of p-origamis are obtained by an array of group-theoretic methods. Given a 2-generated p-group G, the possible strata of all p-origamis with deck group G depend on the possible orders of the commutators [x, y] as x, y vary over all pairs of generators. We derive various results on the possible exponent of the commutator subgroup, which contains the commutator [x, y] and, in fact, in the case of 2-generated groups, is generated by the set of its conjugates. We then show these exponents can always be realized as commutator orders of pairs of generators. This culminates in a complete characterization of the possible commutator orders [x, y] for each prime-power group order, which forms the group-theoretic analogue of Theorem A:
Theorem C (Proposition 3.2, Proposition 3.4, Proposition 3.5, Proposition 3.8).
(1) For any finite 2-group G, exp(G ) = 1 if |G| ≤ 2, or else exp(G ) ≤ |G| 4 .
(2) For all integers n ≥ 2 and 0 ≤ k ≤ n − 2, there exists a 2-generated 2-group G of order 2 n with generators x, y such that ord([x, y]) = exp(G ) = 2 k .
(3) For a finite p-group G with odd p, exp(G ) 2 < |G|.
(4) For any odd prime p and any n, k ∈ Z ≥0 with k < n 2 , there exists a 2-generated p-group G of order p n with generators x, y such that
To investigate the question, in which cases the deck group already determines the stratum of a p-origami (as partially answered in Theorem B), we similarly translate this into a group-theoretic problem. In group-theoretic language, this phenomenon corresponds to the property of a p-group, that the commutator order is a fixed number for all pairs of generators. We call this property (C), and we observe that many, but not all p-groups have property (C). We solidify this observation by proving property (C) depending on some other known common properties of p-groups. The proven implications can be summarized with the following diagram (Theorem 3.29), they form the group-theoretic basis of Theorem B:
We also construct p-groups which do not have property (C). Such groups have at least order p p+3 : we construct the examples as subgroups of the Sylow p-subgroup of the symmetric group S p 4 .
It is an open question which power-closed groups, or which groups with a powerclosed commutator subgroup, have property (C). As it seems hard to find (small) p-groups without property (C), their properties or even their classification might be an intriguing problem. Choices of commutators with different orders in such groups will yield normal origamis with isomorphic deck groups lying in different strata.
Structure of the paper. The article is organized as follows. In Section 2, we introduce essential definitions for the geometric point of view and explain the geometric motivation of the questions studied in the subsequent sections.
Developing the group-theoretic results is subject of Section 3. In Section 3.1, we prove Theorem C. For this, we consider the prime 2 separately because the results differ from those for odd primes. Section 3.2 is concerned with the group-theoretic analogue of Theorem B. More precisely, we introduce a group-theoretic property called property (C) and prove the above diagram of implications. We further construct examples of p-groups that do not have property (C).
The goal of Section 4 is to translate the results for p-groups in Section 3 into the language of p-origamis. In Section 4.1, we answer the question in which strata porigamis occur by proving Theorem A. The question whether the isomorphism class of the deck group determines the stratum of an origami is addressed in Section 4.2. Theorem B is proven there. The concept of monodromy maps is essential for relating the stratum of a normal origami with group theoretic properties of its deck group. Let c : O → T be the covering induced by an origami of degree d. Consider the corresponding unramified cover of the punctured torus c * : O * → T * , where O * = O\c −1 (∞) and T * = T\{∞}. Recall that the fundamental group π 1 (T * ) is the free group F 2 on two generators. We choose a base point q on T * and label the preimages of q (under c) by q 1 , . . . , q d . Denote the simple closed horizontal and vertical curve passing through q by a and b, respectively. These two curves generate the fundamental group F 2 . Then the monodromy map m :
A normal (or regular) origami is an origami which is a normal cover of the torus, i.e., the deck transformation group acts transitively on the squares. Let c : O → T be the covering induced by a normal origami. Then the degree of the cover is the order of the deck transformation group. We obtain a natural bijection between the squares of the tiling and the deck transformations by labeling a fixed square S with the identity. A square S is now labeled with the unique deck transformation sending the square S to S . Using this bijection, the monodromy action is described by a map m G : F 2 → G, w → g w such that the group homomorphism G → G, h → g w · h induces the permutation m(w) on the squares of the tiling. Note that the deck group acts from the left on the origami O. Proof. (i) Given a 2-generator group G of order d together with generators x, y, we can construct a normal origami of degree d as follows. Take d squares labeled by the group elements. The right and upper neighbor of a square labeled by g in G is the one with label gx and gy, respectively. This construction data defines an origami of degree d with deck transformation group G. By definition, G acts transitively on the squares and thus the cover is normal.
(ii) Given a normal origami O → T with deck transformation group G. Consider the deck transformations x := m G (a) and y := m G (b). These deck transformations represent passing from the square labeled by the identity element of G to its right and upper neighbor, respectively. The deck group G is generated by x and y. The procedure described in (i) reconstructs the origami O from the data (G, x, y).
Recall that the monodromy map is an anti-homomorphism and induces a left action of the deck group. In the construction described in the proof of Lemma 2.2, we multiply the generators from the right to obtain compatibility with this left action. Example 2.3. We consider the quaternion group Q 8 := i, j, k | i 2 = j 2 = k 2 = ijk with (i, j) as the pair of generators. Q 8 can be viewed as a group of units in the quaternion division algebra, where ijk = −1. Following the construction described in Lemma 2.2 i), we obtain a 2-origami W with deck transformation group Q 8 . In the picture below, the corners of the squares with the same color are identified, i.e., the cone angles at these points are larger than 2π. This origami is called Eierlegende Wollmilchsau. It is a well-known and extensively studied example (see [HS08] ).
We call two normal origamis c 1 : O 1 → T and c 2 : O 2 → T equal if there exists a homeomorphism α : O 1 → O 2 such that c 1 = c 2 •α. It is natural to ask when different pairs of generators for a given group describe the same origami. The following lemma answers this question. (iii) there exists a group automorphism ϕ : G → G such that (ϕ(x 1 ), ϕ(y 1 )) = (x 2 , y 2 ).
Proof. We begin by showing that (i) implies (ii). Let α : O 1 → O 2 be a homeomorphism such that c 1 = c 2 • α. Recall that an element w ∈ F 2 defines a path f on T * passing through a chosen base point q 1 . If w lies in the kernel of m 1 , each liftf i on O * 1 of f starts and ends at the same preimage of q 1 . Further, each of the pathsf i on O * 1 induces a path α(f i ) which also has the same start and end point. This implies that w lies in the kernel of m 2 . Hence we obtain the inclusion ker(m 1 ) ⊆ ker(m 2 ). Using the inverse α −1 , a similar argument shows the inclusion ker(m 2 ) ⊆ ker(m 1 ). Now we show that (ii) implies (iii). Suppose that the kernels of m 1 and m 2 are equal. We want to define a group isomorphism ϕ : G → G such that the following diagram
Let K denote the kernel ker(m 1 ). Since the kernels of m 1 and m 2 coincide, we obtain isomorphisms m i :
Define ϕ as the composition m 2 • (m 1 ) −1 . Then ϕ is an isomorphism such that (ϕ(x 1 ), ϕ(y 1 )) = (x 2 , y 2 ). Finally, we assume statement (iii). Let ϕ : G → G be an automorphism such that (ϕ(x 1 ), ϕ(y 1 )) = (x 2 , y 2 ). Sending a square in the tiling of O 1 labeled by the deck transformation g to the square in the tiling of O 2 labeled by ϕ(g) defines a a map α : O 1 → O 2 . Observe that α maps neighboring squares in O 1 to neighboring squares in O 2 and thus α is a well-defined homeomorphism. The equation c 1 = c 2 • α implies the equality of the origamis.
Example 2.5. Recall that the automorphism group of the quaternion group Q 8 is isomorphic to the symmetric group S 4 and thus has order 24. We further know that there are exactly 24 pairs of generators (x, y). Denote the set of generators by E. The restriction on x, y is that {x, y} ⊆ {±i, ±j, ±k} is a subset of size two not containing ±a for a in Q 8 . The automorphism group Aut(Q 8 ) acts on E by applying an automorphism to both components. Note that for each pair (x, y) ∈ E, the stabilizer under this action is trivial. Hence Aut(Q 8 ) acts transitively on E, i.e., for any two pairs of generators (x 1 , y 1 ), (x 2 , y 2 ), we find an automorphism ϕ of Q 8 such that (ϕ(x 1 ), ϕ(y 1 )) is equal to (x 2 , y 2 ). By Lemma 2.4, the only 2-origami with deck transformation group Q 8 is the Eierlegende Wollmilchsau (see Example 2.3).
From now on, we denote a normal origami with deck transformation group G defined by the pair of generators (x, y) by (G, x, y).
In the following, we introduce the essential definitions for this section.
Definition 2.6.
• For an origami O and a point x ∈ O the cone angle at x is 2πa for some natural number a. The multiplicity of x is defined as a and denoted by mult(x). A singularity s ∈ O is a point with multiplicity larger than 1. Let Σ denote the set of singularities.
is the set of translation surfaces with k i singularities of multiplicity a i + 1 for 1 ≤ i ≤ m. The set of translation surfaces without a singularity, i.e., the set of tori, is denoted by H(0).
Each translation surface X comes with a natural holomorphic 1-form on X. The zeros of this 1-form are the singularities. If the order of a zero is a, the multiplicity of the singularity is a + 1.
Since the squares in the tiling of an origami are glued by translations, only corners of the squares can appear as singularities. In particular, there are only finitely many singularities. We begin with a remark showing that all singularities of a normal origami have the same multiplicity. That gives a first restriction on the strata. Note that either all corner points of a normal origami are singularities or all corner points are regular points.
With the help of the next lemma we connect the multiplicity of singularities to a statement phrased in the language of group theory. For elements x, y of a group, we denote their commutator x −1 y −1 xy by [x, y]. Proof. Let S denote the square labeled by the group element 1. Then the deck transformation [x, y] = x −1 y −1 xy sends the square S to the one lying 2π (with respect to the lower left corner of S) above S. Hence the deck transformation [x, y] m sends the square S to the one lying 2πm above S for m ∈ Z + . We conclude with Remark 2.7 that the cone angle at each corner is 2π· ord([x, y]).
Remark 2.9. By the lemma above and Lemma 2.2, finding a normal origami of degree d = (a + 1)k in the stratum H(k × a) is equivalent to finding a 2-generated group of order d and a generating set of size two such that the commutator of the generators has order k. Definition 2.10. Let p be a prime number. An origami is called p-origami if it is normal and the deck transformation group of the corresponding cover is a finite p-group.
We will study in which strata p-origamis occur.
Remark 2.11. By Remark 2.7, all singularities of a p-origami have the same multiplicity. Each p-origami outside the stratum H(0) satisfies the equation d = (a+1)·k, where d is the degree, a+1 is the multiplicity of each singularity, and k is the number of singularities.
This reduces the possible strata significantly. All p-origamis of degree p n (outside the stratum H(0)) have p n−k singularities of multiplicity p k for 1 ≤ k ≤ n, i.e., they lie in strata of the form H p n−k × p k − 1 .
In Section 4, we will use the connection between group theory and the type of singularities of normal p-origamis to derive conclusions about the stratum they lie in.
Results on p-groups
3.1. Bounds for the exponent of commutator subgroups of p-groups. The geometric setting in Section 2 motivates the study of the following problem. Given a finite p-group G of order p n , find a bound for the order of commutators [x, y] with
x, y ∈ G. In this section, we answer a more general question. We give a sharp bound for the exponent of the commutator subgroup. This bound is different for the prime 2 and odd primes.
We recall some basic definitions and facts from the theory of p-groups. Let G be a finite p-group. The order |G| of G is the number of its elements. For any element x ∈ G, the order ord(x) of x is the smallest positive integer n such that x n = 1. The exponent exp(G) of G is the greatest order of any element in G. The commutator subgroup G of G is the subgroup generated by all commutators
For each i ∈ Z + , we define the omega and agemo subgroup,
• The Frattini subgroup Φ(G) equals G 1 (G), the group generated by all commutators and p-th powers. In particular, G/Φ(G) is elementary abelian (that is, abelian and of exponent p). This can be used to establish first bounds for the exponent of a p-group which holds for all prime numbers.
Proof. Any p-group of order at most p 2 is abelian, so exp(G ) = 1 in this case. Suppose G is a p-group of order p n for n > 2. If the exponent exp(G ) equals p n then G has order p n . Thus we conclude that G is perfect (i.e., G = G ). This is a contradiction because all p-groups are solvable and thus not perfect (see [Hup67, I, Satz 8.9]).
Assume that exp(G ) equals p n−1 . Since G is not perfect, the commutator subgroup G is a proper subgroup of G. We obtain that G is cyclic of order p n−1 . This implies that the abelianization G/G is cyclic of order p. By Burnside's basis theorem, we conclude that G is cyclic as well. In particular, G is abelian. This implies that the commutator subgroup G is trivial which contradicts the assumption exp(G ) = p n−1 .
3.1.1. 2-groups. In this section, we show that the bound in Proposition 3.2 is sharp for the prime 2. What is more, we construct 2-generated 2-groups with certain generators whose commutator has the desired order. These groups will be used to construct 2-origamis in Section 4.1.1. We need the following lemma.
Lemma 3.3 ([Hup67, Hilfssatz 1.11 a)]). For a group G generated by a subset S, the commutator subgroup G is generated by the set
Proposition 3.4. Let n, k ∈ Z ≥0 with n > 2 and k ≤ n − 2. There exists a 2-
Proof. Let k be a natural number with 0 ≤ k ≤ n − 2. We construct a group G 2 (n,k) of order 2 n and a pair of generators r, s whose commutator is of order 2 k . The group G 2 (n,k) is a semidirect product of two cyclic groups C 2 k+1 = r and C 2 n−k−1 = s of order 2 k+1 and 2 n−k−1 , respectively. First, define the group automorphism α :
(n,k) be the semidirect product
Then G 2 (n,k) has order 2 n . Using the defining relations of G 2 (n,k) , we conclude
Hence the commutator [r, s] has order 2 k . Finally we show that the commutator subgroup (G 2 (n,k) ) has exponent 2 k . Since G 2 (n,k) is generated by {r, s}, by Lemma 3.3, the commutator subgroup is generated by elements of the form g −1 [r, s]g for g ∈ G 2 (n,k) . As [r, s] = r −2 is central, each of these elements is contained in r 2 . Hence (G 2 (n,k) ) is cyclic of order 2 k .
Note that all the 2-groups constructed in the proof of Proposition 3.4 are a semidirect products of two cyclic groups.
3.1.2. p-groups for odd primes p. Throughout this section, let p denote an odd prime. In Proposition 3.5, we introduce a much stronger bound on the exponent of the commutator subgroup which holds for odd primes. This is a generalization of a theorem by van der Waall (see [Waa73, Theorem 1]). There, the order of the commutator subgroup of finite p-groups is bounded under the condition that the commutator subgroup is cyclic.
Subsequently, we show in Proposition 3.8 that this bound is sharp. To this end, we construct 2-generated p-groups and generators whose commutators have the desired orders. These groups are used to construct certain p-origamis in Section 4.1.2.
Proposition 3.5. For a finite p-group G, p odd, the following inequality holds
Assume G is a minimal counterexample to the assertion. If G is cyclic then inequality (1) holds, so without loss of generality, we may assume that there exists a normal subgroup N G isomorphic to C p × C p , and that inequality (1) does not hold. Define H := G/N . Because of the minimality of G we have exp(H ) 2 < |H|. Consider the canonical epimorphism ϕ : G → H. The epimorphism ϕ maps commutators of G to commutators of H. Let g ∈ G . Then the image ϕ(g) lies in H . We obtain the inequality ord(ϕ(g)) 2 ≤ exp(H ) 2 < |H|.
Pick k ∈ Z + such that ord(ϕ(g)) = p k . We have ϕ(g p k ) = 1 and thus g p k lies in N . The exponent of N ∼ = C p × C p is p. We conclude ord(g) ≤ p k+1 . This implies exp(G ) ≤ p · exp(H ). Hence we obtain the following inequality
Using the equality |G| = |N | · |H| = p 2 · |H|, the inequality exp(G ) 2 < |G| follows. This is a contradiction to the assumption that inequality (1) does not hold for G.
Corollary 3.6. Let G be a 2-generated p-group, p odd, of order p n . For generators x, y of G, the order of their commutator obeys the inequality
Proof. Let exp(G ) = p m , |G| = p n and ord([x, y]) = p k . Since k ≤ exp(G ), it is sufficient to show that m < n 2 . This is equivalent to 2m < n. By Proposition 3.5, we have exp(G ) 2 < |G| and thus the inequality 2m < n holds.
As in the case of 2-origamis, we construct for natural numbers n, k with k < n 2 a p-group which is a semidirect product of two cyclic groups, in order to show that the proven bound is sharp. The construction given in Proposition 3.8 works similarly as the one for 2-origamis in the proof of Theorem 4.4. However, the group homomorphism defining the semidirect products needs to be chosen more carefully for odd primes.
We begin with a purely number-theoretic observation which will be useful when constructing the semidirect products.
Lemma 3.7. Let p be an odd prime and let k be a positive natural number. Then p + 1 has order p k in Z/p k+1 Z * .
Proof. First, we prove by induction on m that for each m ≥ 0, the following congruence holds
This is clear for m = 0. We assume that the congruence holds for some m, i.e., we have
(
for some q ∈ Z ≥0 . Using this, we compute
This shows that the congruence relation (2) is true for m + 1. By induction, it holds for all m ∈ Z ≥0 . Choosing m = k we get
In particular, the order of
We conclude that (1 + p) p m ≡ 1 mod p k+1
for 1 ≤ m < k. Thus the order of 1 + p is p k .
Proposition 3.8. Let n, k ∈ Z ≥0 with k < n 2 . There exists a 2-generated p-group G of order p n with generators x, y ∈ G such that ord([x, y]) = exp(G ) = p k .
Proof. Fix a positive natural number n and let k be an integer with 0 ≤ k < n 2 . The group G p (n,k) is constructed as a semidirect product of two cyclic groups C p k+1 = r and C p n−k−1 = s of order p k+1 and p n−k−1 , respectively. First, consider the automorphism group of C p k+1 . From elementary group theory, we know that
The map α : C p k+1 → C p k+1 , r m → r m·(p+1) defines a group automorphism, since p and p + 1 are coprime. Now we consider the map
We claim that ϕ is a well-defined group homomorphism. To see this, we need show that α p n−k−1 is the identity map on C p k+1 . This follows, since k ≤ n−1 2 implies n−k −1 ≥ k, so (p+1) p n−k−1 ≡ 1 mod p k+1 , again using Lemma 3.7. The congruence follows because p + 1 has order p k in Z/p k+1 Z * by Lemma 3.7. Write
for some natural number j. Then we have
Since r has order p k+1 in C p k+1 , the last equality follows. We conclude that α p n−k−1 = id. Let G p (n,k) be the semidirect product
Then G p (n,k) has order p n . We claim that G p (n,k) together with the pair of generators (r, s) has the desired properties. Using the defining relations of G p (n,k) , we conclude [r, s] = r −1 s −1 rs = r p .
In particular, the commutator [r, s] has order p k .
Finally we show that the commutator subgroup of G p (n,k) has exponent p k . Since G p (n,k) is generated by {r, s}, the commutator subgroup is generated by elements of the form g −1 [r, s]g for g ∈ G p (n,k) by Lemma 3.3. Each of these elements is contained in r p . Hence (G p (n,k) ) is cyclic of order p k .
3.2.
On the order of certain commutators in 2-generated p-groups. In this section, we study a second question that arises from the geometric setting in Section 2. Recall that the group of deck transformations of a normal origami is always a finite 2-generated group and that two normal origamis with isomorphic group of deck transformations (G, x 1 , y 1 ) and (G, x 2 , y 2 ) lie in the same stratum if and only if the orders of the commutators [x 1 , y 1 ] and [x 2 , y 2 ] agree. We first note the the possible strata for normal origamis with a fixed deck group depend only on its isoclinism class. We recall that isoclinism is an equivalence relation for groups generalizing isomorphism. For its definition we use the observation that the commutator in any group G induces a well-defined map G/Z(G)×G/Z(G) → G.
Definition 3.9 ([Hal40]). Two groups G 1 , G 2 are isoclinic if there are isomorphisms φ : G 1 /Z(G 1 ) → G 2 /Z(G 2 ) and ψ : G 1 → G 2 which are compatible with the commutator maps in the sense that the following is a commutative diagram:
In particular, all abelian groups are isoclinic.
Lemma 3.10. The set of possible commutator orders ord([x, y]) for generators x, y of a 2-generated group G depends only on the isoclinism class of G.
Proof. Assume G 1 , G 2 are isoclinic groups and [x, y] has order n for generators x, y of G 1 . Then n is also the order of ψ([x, y]) = [φ(x), φ(y)], where x, y are the images in
, then a central element can be chosen as one of two generators of G 2 (see Lemma 3.1), so G 2 is abelian and G 1 is abelian, and the only possible commutator order is 1 in each of these groups.
Otherwise, Z(G 2 ) does lie in Φ(G 2 ) and the images of x , y in G 2 /Φ(G 2 ) generate the quotient, so x , y are generators of G 2 and the order of [x , y ] equals the order of [x, y]. Since isoclinism is a reflexive relation, this proves the assertion.
Corollary 3.11. For each n ≥ 1, the dihedral group, the generalized quaternion group, and the semidihedral group with 2 n elements have the same set of possible commutator orders ord([x, y]) for generators x, y.
Proof. They are isoclinic by [Ber08, §29 Exercise 4].
We will return to these groups, recall their definition, and compute the set of possible commutator orders in Section 3.2.2.
We noted that the possible strata of p-origami with a given deck group depends on the possible commutator orders for pairs of generators of this group. We will see that, in fact, for many groups there is only one stratum possible. To study such groups, we first translate this property into the language of group theory.
Definition 3.12. We say that a finite 2-generated group G has property (C), if there exists a natural number n such that for each 2-generating set {x, y} of G the order of [x, y] equals n.
Question 3.13. Which finite 2-generated p-groups have property (C)?
For a large class of p-groups we prove property (C). However, in Section 3.2.5 we construct for each prime p a finite p-group with generating sets {x, y} and {x , y } such that ord([x, y]) = ord([x , y ]).
In a first example, we show that most alternating groups -which are not p-groups -do not have property (C). We use this example to construct origamis in Section 4. are 3 and 5, respectively. Hence there are two pairs of generators such that the order of their commutator is different and A n does not have property (C) for n ≥ 5. Notice that those A n are not p-groups, since their order is n! 2 . Further, note that we multiply permutations from the left because we label the squares of a normal origami by multiplying generators of the deck group from the right.
In the following, we will prove property (C) for certain families of p-groups.
3.2.1.
Regular and order-closed p-groups. We begin by stating some basic properties of regular p-groups. Recall that a p-group G is regular if for each g, h ∈ G and i ∈ Z + , there exists some c ∈ g, h such that
Note that the commutator subgroup of a regular p-group is regular.
We call a p-group G weakly order-closed if the product of elements of order at most p k has order at most p k for any k ≥ 0. In the literature, p-groups for which all sections (i.e., subquotients) are weakly order-closed according to our definition have been studied and are called order-closed p-groups (see [Man76] ). Clearly, orderclosed p-groups are weakly order-closed, and one can verify that all subgroups of a weakly order-closed group are so, as well. Hence a p-group is order-closed if and only if all its subgroups are weakly order-closed. The class of p-groups we call weakly order-closed has been called O p in [Wil02] .
Lemma 3.15 (see [LM02] , Lemma 1.2.13).
1) Any regular p-group is order-closed, and hence also weakly order-closed.
2) A 2-group is regular if and only if it is abelian.
Corollary 3.16. Let G be a weakly order-closed p-group. If x 1 , . . . , x r ∈ G generate G, then the exponent of G is equal to the maximum of the orders ord(x i ), 1 ≤ i ≤ r.
Proof. Note that the orders of x i and x −1 i are equal. As every group element can be written as a word in {x i , x −1 i | 1 ≤ i ≤ r}, the claim follows.
Proposition 3.17. Any finite 2-generated p-group with weakly order-closed commutator subgroup has property (C). In particular, any finite 2-generated p-group with regular commutator subgroup has property (C).
Proof. Let G be a finite 2-generated p-group with regular commutator subgroup. Further, let x, y and x , y be two pairs of generators of G. Hence, by Lemma 3.3, the commutator subgroup G is generated by each of the sets
We have
By the previous lemma, G being weakly order-closed implies that 3.2.2. p-groups of maximal class. In this section, we prove that property (C) holds for p-groups of maximal class.
We recall that the lower central series of a group G is the series of subgroups
A p-group of order p n has nilpotency class at most n − 1, and is called of maximal class in that case.
We treat 2-groups separately from the p-groups for odd primes p. The 2-groups of maximal class are completely classified by the following theorem.
Proposition 3.18 ([Hup67, Kapitel III, Satz 11.9]). Each 2-group of maximal class and order 2 n is isomorphic to one of the following groups • a dihedral group, i.e., a group given by the presentation
• a generalized quaternion group, i.e., a group given by the presentation
• a semidihedral group, i.e., a group given by the presentation SD 2 n = r, s | r 2 n−1 = s 2 = 1, s −1 rs = r 2 n−2 −1 .
Lemma 3.19. Any 2-generated 2-group of maximal class and of order 2 n has property (C) and for each pair of generators x, y, the order of the commutator [x, y] is 2 n−2 .
Proof. Let G be a 2-group of maximal class and of order 2 n . By Proposition 3.18, it is isomorphic to a dihedral group, quaternion group or semidihedral group. In each case, we show that the commutator subgroup is regular and that for a pair of generators r, s the commutator [r, s] has order 2 n−2 . By Proposition 3.17, this proves the claim. For the semidihedral group SD 2 n , the commutator subgroup is generated by the set {g −1 [r, s]g | g ∈ SD 2 n }. Since the commutator [r, s] equals r 2 n−2 −2 , the commutator subgroup is cyclic. In particular, it is abelian and thus regular. The order of the commutator [r, s] is 2 n−2 .
For the dihedral group D 2 n and the generalized quaternion group Q 2 n , the commutator subgroup is generated by [r, s] = r −2 . Hence the commutator subgroup is abelian and thus regular. The commutator [r, s] has order 2 n−2 .
This strengthens the result in Corollary 3.11. There we noted that in dihedral groups, generalized quaternion groups, and semidihedral groups of order 2 n , i.e., all 2-groups of maximal class, the commutator of any pair of generators has a unique order, since these groups are isoclinic.
We turn our attention to the odd primes.
Lemma 3.20. Let G be a 2-generated p-group of maximal class and order p n for 5 ≤ n ≤ p + 1 and an odd prime p. Then G has property (C) and for each pair of generators x, y, the order of the commutator [x, y] equals p.
Proof. Assume G is a group of order p n of maximal class for 5 ≤ n ≤ p + 1. Then the commutator subgroup G has exponent p by [Hup67, Kapitel III, Hilfssatz 14.14]. Hence all elements of G have either order p or order 1. Let (x, y) be a pair of generators of G. Then G is generated by elements of the form g −1 [x, y]g for g ∈ G.
Since G is of maximal class, it is non abelian. We conclude that [x, y] = 1 has order p.
Lemma 3.21. Any finite 2-generated p-group of maximal class for p odd has property (C).
Proof. Let G be any group of order p n . If n ≤ 4 then the order of the commutator subgroup G is smaller than p 4 . Hence we have |G | ≤ p p . By [Hup67, Kapitel III Satz 10.2 b)], the commutator subgroup is regular. Using Lemma 3.15, the claim follows from Proposition 3.17. In Lemma 3.20, we showed the claim for groups of order p n of maximal class with 5 ≤ n ≤ p + 1. Now assume G has order p n and is of maximal class for n > p+1. Then there exists a maximal subgroup H of G which is regular (see [Hup67, Kapitel III, Satz 14.22] ). Recall that the Frattini subgroup Φ(G) is the intersection of the set of maximal subgroups. We have the following inclusions
Since subgroups of regular groups are regular as well, the commutator subgroup G is regular. By Proposition 3.17, the claim follows.
We obtain the following proposition from Lemma 3.19 and Lemma 3.21.
Proposition 3.22. Any finite 2-generated p-group of maximal class has property (C).
3.2.3.
Powerful p-groups. We introduce some further basics from the theory of pgroups to show that property (C) holds for the class of powerful p-groups.
A p-group G is called powerful if either p is odd and G ⊆ 1 (G), or p = 2 and G ⊆ 2 (G) = g 4 | g ∈ G . A normal subgroup N G is powerfully embedded in G if either p is odd and [N, G] ⊆ 1 (N ), or p = 2 and [N, G] ⊆ 2 (N ). In particular, any powerfully embedded p-group is powerful.
Corollary 3.23. Any finite 2-generated powerful p-group G has a cyclic commutator subgroup G .
Proof. Let G be a powerful p-group with 2-generating set {x, y}. Then the commutator subgroup G is powerfully embedded in G by [LM87, Theorem 1.1. and Theorem 4.1.1.]. Further, G is generated by all elements of the form g −1 [x, y]g for g ∈ G by Lemma 3.3. Now [LM87, Theorem 1.10. and Theorem 4.1.10.] state that if a powerfully embedded subgroup of a powerful p-group is the normal closure of a subset, then it is generated by this subset. Thus, we conclude that G is generated by [x, y], i.e., G is cyclic.
Corollary 3.24. Any finite 2-generated powerful p-group has property (C).
Proof. G is cyclic, so in particular, G is regular. Using Proposition 3.17, the claim follows.
Proposition 3.25. Let G be a finite 2-generated p-group such that G is powerful. Then G has property (C).
Proof. Let G be a finite 2-generated p-group such that G is powerful. Let {x, y} be a generating set. Denote the order of [x, y] by p m . Recall that G is generated by the set {g −1 [x, y]g | g ∈ G} by Lemma 3.3. Since G is powerful, we apply [LM87, Theorem 1.9. and Theorem 4.1.9.] stating that in a powerful p-group, any agemo subgroup is generated by the corresponding powers of a given set of generators, and deduce
In particular, the exponent of G equals p m , and hence the order of [x, y]. As {x, y} was an arbitrary pair of generators of G, this proves the claim.
As the commutator subgroup of a powerful p-group is powerful by [LM87, Theorem 1.1], Corollary 3.24 is also a consequence of Proposition 3.25.
3.2.4.
Power-closed p-groups. Recall from Section 3.2.1 that we call a p-group weakly order-closed, if products of elements of order at most p k have order at most p k for all k ≥ 0. We call a p-group weakly power-closed, if products of p k -th powers are p kth powers for all k ≥ 0. Such groups generalize power-closed p-groups ([Man76]), for which all sections (i.e., subquotients) have to be weakly power-closed in our sense. As quotients of weakly power-closed groups are automatically weakly power-closed, a p-group is power-closed if and only if all its subgroups are weakly power-closed. In [Wil02] , the class of p-groups we call weakly power-closed has been called P p .
It is known that order-closed p-groups generalize regular p-groups, and powerclosed p-groups generalize order-closed p-groups (see [Man76] ).
Recall that in Proposition 3.17, we have shown that 2-generated p-groups G for which G is weakly order-closed have property (C).
Example 3.26. Using the GAP code in Listing 4 (in Appendix A), we find instances of a 2-group G such that G is weakly power-closed, but which does have generators x, y such that ord([x, y]) = ord([x, y 3 ]). As G is a 2-group, x, y 3 is a pair of generators, as well, so G does not have property (C).
An example for such a situation is the case where x, y ∈ S 16 are the permutations have order 4 and 2, respectively. However, this counterexample is not a power-closed p-group, since it has subgroups which are not weakly power-closed. Such subgroups can be found using computer algebra codes, as the ones described in Appendix A.
Corollary 3.27. There are 2-groups with weakly power-closed commutator subgroup which do not have property (C).
However, let us contrast this with the case of minimal non-power-closed or minimal non-order-closed p-groups, where minimal means that all proper sections are powerclosed or order-closed, respectively.
Lemma 3.28. Let G be a minimal non-power-closed p-group or a minimal nonorder-closed p-group. Then G has property (C) and for each pair of generators x, y, the order of the commutator [x, y] equals p.
Proof. Let G be a minimal non-power-closed p-groups or minimal non-order-closed p-group. By [Man76, Theorem 3 and Theorem 6], the Frattini group Φ(G) has exponent p and the center Z(G) = G. As G is contained in Φ(G), we conclude that G has exponent p. Hence G is regular. Proposition 3.17 implies that G has property (C). For a pair of generators x, y of G, the commutator subgroup G is generated by all conjugates of [x, y]. Since G is not trivial, the commutator [x, y] has exponent p.
Let us summarize our results on groups with property (C).
Theorem 3.29. The implications and the nonimplication visualized in the following diagram are true for any finite 2-generated p-group G. In particular, all p-groups falling into the classes above the gray line have property (C). Proof. The implications regular ⇒ order-closed ⇒ power-closed are due to [Man76] . Each of these properties is inherited by subgroups, so by G from G. By our definition, the properties weakly order-closed and power-closed generalize order-closed and power-closed, respectively. p-groups of maximal class or powerful p-groups have regular commutator subgroups as explained in the proof of Lemma 3.21 and Corollary 3.24. The commutator subgroup of a powerful p-group is powerful by [LM87, Theorem 1.1, Theorem 4.1.1].
The results that G powerful or weakly order-closed imply property (C), are Proposition 3.25 and Proposition 3.17. The fact that G weakly power-closed does not imply property (C) is Corollary 3.27.
Remark 3.30. We note that, in particular, all 2-generated p-groups of order at most p p+2 or of nilpotency class at most p have property (C). In the first case, G has order at most p p , because it lies in the Frattini subgroup which has index p 2 in G, It is an open questions, whether G or G being power-closed implies property (C) for a p-group G. To study this and similar questions, we offer a reduction argument.
Lemma 3.31. Let F be a family of finite 2-generated p-groups which is closed under quotients and such that property (C) holds for all members of F with cyclic center. Then property (C) holds for all members of F.
Proof. Assume property (C) holds for all abelian groups and all members of F with cyclic center, and consider a non-abelian group G ∈ F whose center is not cyclic such that property (C) holds for any member of F of smaller cardinality.
Since the center of G has rank at least two, we can choose two trivially intersecting central cyclic subgroups N 1 , N 2 of order p. We consider pairs of generators x, y and x , y of G, and we define Thus we conclude that the m is either m or m · p, so as m ≥ m , we conclude that m and m coincide, and G has property (C).
An induction using this argument proves the assertion.
Corollary 3.32. G being power-closed or G being power-closed implies property (C) if it implies property (C) together with the assumption that G has cyclic center.
Proof. The family of power-closed p groups is closed under taking arbitrary quotients. The same is true for the family of p-groups with power-closed commutator subgroup, since for any group, the commutator subgroup of a quotient is a quotient of the commutator subgroup.
3.2.5.
A family of counterexamples. We conclude our discussion of property (C) by constructing 2-generated p-groups for all primes p which do not have property (C): for each such group, we exhibit two pairs of generators with different commutator order. As these will be realized as certain subgroups of a p-Sylow subgroup of the symmetric group on p r letters, for some r ≥ 0, let us first recall a description of the relevant Sylow subgroups. Recall that we multiply permutations from the left.
Definition 3.33. For any prime p and any r ≥ 0, let P p,r be the subgroup of the symmetric group S p r generated by the elements
where each e i,j is a product of disjoint p-cycles defined by
We can think of the permutations e i,j as graph automorphisms of the perfect p-ary tree with p r leaves (as in Figure 4 below for p = r = 3). Let N be the j-th node of this tree at level i − 1 (where the root node is at level 0), then we define a tree automorphism by fixing all nodes which are not descendants of N , while rotating the subtrees starting at the p direct descendants of N cyclically to the right. The action of this automorphism on the p r leaves of the tree corresponds exactly to the action of e i,j . Figure 4 . A perfect tertiary tree with 3 3 leaves. Its automorphism group contains a group isomorphic to P 3,3 .
From Equation (3) we get the conjugation relation
(4) e −1 i,j e k,l e i,j = e k,l for i ≤ k, where l is defined by (j − 1)p k−i < l ≤ jp k−i and l − l ≡ p k−i−1 mod p k−i if i < k and (j − 1)p k−i < l ≤ jp k−i , and l = l otherwise. This implies that P p,r is, in fact, generated by (e i,1 ) 1≤i≤r . We can check that P p,r is isomorphic to the r-fold wreath product of C p by identifying the respective generators. So P p,r is a Sylow p-subgroup of S p r . In particular, the p-group H p does not have property (C).
Proof. We define
x := e 1,1 e 2,1 , y := e 1,1 e 2,1 e 3,1 e 4,1+p 2 ∈ P p,4 .
Assume p > 3, then by Equation (4),
x −1 yx = e −1 2,1 (e 1,1 e 2,2 e 3,1+p e 4,1+2p 2 )e 2,1 = e 1,1 e 2,1 e 3,1+p e 4,1+2p 2 , x −2 yx 2 = e −1 2,1 (e 1,1 e 2,2 e 3,1+2p e 4,1+3p 2 )e 2,1 = e 1,1 e 2,1 e 3,1+2p e 4,1+3p 2 , so [y, x] = y −1 x −1 yx = e −1 4,1+p 2 e −1 3,1 e 3,1+p e 4,1+2p 2 , [y, x 2 ] = y −1 x −2 yx 2 = e −1 4,1+p 2 e −1 3,1 e 3,1+2p e 4,1+3p 2 . We compute the restriction of the permutation [y, x] to the set S := {p 3 +1, . . . , p 3 + p 2 }:
[y, x]| S = (e −1 4,1+p 2 e −1 3,1 e 3,1+p e 4,1+2p 2 )| S = (e −1 4,1+p 2 e 3,1+p )| S = (p 3 + 1, p 3 + 2, . . . , p 3 + p) −1 (p 3 + 1, p 3 + p + 1, . . . , p 3 + p(p − 1) + 1) It can be verified that the same is true for p = 3, even though the formulae for x −2 yx 2 and [y, x 2 ] become slightly different:
x −2 yx 2 = e −1 2,1 (e 1,1 e 2,2 e 3,1+2p e 4,1 )e 2,1 = e 1,1 e 2,1 e 3,1+2p e 4,1+p , [y, x 2 ] = e −1 4,1+p 2 e −1 3,1 e 3,1+2p e 4,1+p . All conclusions, however, remain valid.
For p = 2, take
x := e 1,1 e 2,1 e 3,1 e 4,1 = (1, 9, 5, 13, 3, 11, 7, 15, 2, 10, 6, 14, 4, 12, 8, 16 ) ,
x := x 3 = (1, 13, 7, 10, 4, 16, 5, 11, 2, 14, 8, 9, 3, 15, 6, 12) , y := e 1,1 e 3,4 e 4,1 = (1, 9, 2, 10)(3, 11)(4, 12)(5, 15, 7, 13) (6, 16, 8, 14) , 
Results on strata of p-origamis
The goal of this section is to derive results about p-origamis from the results about p-groups in Section 3. In Section 4.1, we answer the question in which strata p-origamis occur. Subsequently, we study in Section 4.2 under which conditions p-origamis with isomorphic deck groups lie in the same stratum. 4.1. Strata of p-origamis. The answer to the question in which strata p-origamis occur depends on whether the considered prime is 2 or not. We begin this section with some facts that hold for all primes. In Section 4.1.1 and Section 4.1.2, we consider 2-origamis and p-origamis for odd primes p, respectively. In particular, the previous lemma shows that all p-origamis with abelian deck transformation group lie in the stratum H(0).
Since all abelian groups are isoclinic, the following can be viewed as a generalization of the previous observation:
Corollary 4.2. The type of singularity of a normal origami depends only on the isoclinism class of its deck group. In particular, normal origamis with isoclinic deck groups of the same order lie in the same stratum.
Proof. By Lemma 3.10, the set of possible commutator orders for pairs of generators coincides for isoclinic 2-generated groups. This determines the degree of the singularity. The group order together with this degree determines the stratum.
Remark 4.3. As an example, we have seen that for each n ≥ 1, there is a stratum containing all 2-origamis with the dihedral group, the generalized quaternion group, or the semidihedral group of order 2 n as the group of deck transformations (see Corollary 3.11). It was computed to be H(4 × (2 n−2 − 1)) in Lemma 3.19. 4.1.1. Strata of 2-origamis. In this section, we classify the strata of 2-origamis. We will see in Section 4.1.2 that the occurring strata differ from the ones of p-origamis for odd primes p.
Theorem 4.4. Let n ∈ Z >2 . For 2-origamis of degree 2 n , exactly the following strata appear
• H(0),
Proof. Let n, k ∈ Z ≥0 with k ≤ n − 2. By Proposition 3.4, there exists a 2-generated group G of order 2 n and generators x, y such that ord([x, y]) = 2 k . Hence the origami (G, x, y) lies in the stratum H(0) for k = 0 and in H 2 n−k × 2 k − 1 for k > 0.
It remains to prove that other strata cannot occur. Let O = (G, x, y) be a 2origami of degree 2 n . By Remark 2.11, the only possible strata are of the form H(k × (a − 1)) where a is the multiplicity of each singularity and k is the number of singularities. Using Proposition 3.2, we deduce that the inequality exp(G ) ≤ 2 n−2 holds. By Lemma 2.8, the multiplicity of each singularity equals ord([x, y]). Since ord([x, y]) ≤ 2 n−2 , the claim follows.
Remark 4.5. We recall the definition of the series of 2-groups in the proof of Proposition 3.4. For n, k ∈ Z ≥0 with k ≤ n − 2, we define the semidirect product
The commutator [r, s] has order 2 k and thus the 2-origami (G 2 (n,k) , r, s) lies in the stratum H 2 n−k × 2 k − 1 .
In particular, this shows that in each of the occurring strata there exists a 2-origami with a semidirect product of two cyclic groups as deck transformation group.
Example 4.6. For n = 3 and k = 1, we obtain the group If we choose (s, rs) as the pair of generators of G 2 (3,1) , then we obtain the 2-origami O = (G 2 (3,1) , s, rs). Since [s, rs] = r −2 has order 2, the origamis O and O lie in the same stratum. In the following, we show that the origamis are different. We call a maximal collection of parallel closed geodesics on an origami a cylinder. The example above gives two different 2-origamis with isomorphic deck group. In Section 4.2, we address the question whether the deck transformation group determines the stratum of a normal origami.
Remark 4.7. We recall that the matrix group SL(2, Z) is generated by S = ( 0 −1 1 0 ) and T = ( 1 1 0 1 ). There is a natural action of SL(2, Z) on origamis, where geometrically the action of S corresponds to a rotation by 90 • , while the action of T corresponds to shearing the squares in the tiling of an origami (in the Euclidean plane) by T . One is interested in studying SL(2, Z)-orbits of origamis, because they are connected to the study of Teichmüller curves. T 2 = Figure 7 . The "shearing" action of T 2 = ( 1 2 0 1 ) ∈ SL(2, Z) on an origami. The opposite sides are identified.
Alternatively, the action can be described with the help of the monodromy map. See [Wei13] for further information. For a normal origami (H, x, y), the actions of S and T are given by In this description, it can be verified easily, that the commutator of the generators [x, y] is sent to a conjugated element in H by the actions of S and T , respectively. So in particular, to an element of the same order. Hence it is clear that the stratum is preserved. It follows that the set of normal origamis in a given stratum decomposes into orbits under the SL(2, Z)-action. This is also known from the geometric description.
We note that Example 4.6 shows an instance of such an SL(2, Z)-action because of the equation T.O = G, s, rss −1 = (G, s, r) = O.
In particular, O and O lie in the same SL(2, Z)-orbit. 4.1.2. Strata of p-origamis for odd primes p. Throughout this section, let p denote an odd prime. We study the question in which strata p-origamis lie. Compared to the case of 2-origamis less strata occur. This is shown in Theorem 4.8.
Theorem 4.8. Let n ∈ Z >2 . For p-origamis of degree p n exactly the following strata appear • H(0) • H p n−k × p k − 1 , where 1 ≤ k < n 2 . Proof. Let n, k ∈ Z ≥0 with k < n 2 . By Proposition 3.8, there exists a 2-generated group G of order p n and generators x, y such that ord([x, y]) = p k . Hence the origami (G, x, y) lies in the stratum H(0) for k = 0 and in H p n−k × p k − 1 for k > 0. It remains to prove that other strata cannot occur. Let O = (G, x, y) be a p-origami of degree p n . By Remark 2.11, the only possible strata are of the form H(k × (a − 1)) where a is the multiplicity of each singularity and k is the number of singularities. By Lemma 2.8, the multiplicity of each singularity equals ord([x, y]). Using Corollary 3.6, we deduce that the inequality ord([x, y]) ≤ p k holds, where k < n 2 . Remark 4.9. We recall the definition of the series of p-groups in the proof of Proposition 3.8. For n, k ∈ Z ≥0 with k < n 2 , we define the semidirect product G p (n,k) := C p k+1 ϕ C p n−k−1 = r, s | r p k+1 = s p n−k−1 = 1, s −1 rs = r p+1 .
The commutator [r, s] has order p k and thus the p-origami (G p (n,k) , r, s) lies in the stratum H p n−k × p k − 1 . As in Remark 4.5, this shows that in each of the occurring strata there exists a p-origami with a semidirect product of two cyclic groups as deck transformation group.
Example 4.10. For p = 3, n = 3 and k = 1, we obtain the group G 3
(3,1) = C 9 ϕ C 3 = r, s | r 9 = s 3 = 1, s −1 rs = r 4 .
We consider the origami O = (G 3 (3,1) , r, s). The commutator [r, s] has order 3 and thus O lies in H(9 × 2). Hence the origami has nine singularities of angle 3 · 2π. 
p-origamis with isomorphic deck groups.
In this section, we study the question whether the deck transformation group determines the stratum of a normal origami. This question was motivated by computer experiments. For p-origamis, computer experiments suggested that the stratum depends only on the isomorphism class of the deck transformation group. Using Example 3.14, we show that this does not hold for all finite groups.
Example 4.11. For n ∈ N ≥5 , we consider the alternating group A n with the pairs of generators ((1, 2, . . . , n − 1, n), (1, 2, 3)) and ((3, 4, . . . , n − 1, n), (1, 3)(2, 4)), respectively. Recall from Example 3.14 that the order of the commutators [(1, 2, . . . , n − 1, n), (1, 2, 3)] and [((3, 4, . . . , n − 1, n), (1, 3)(2, 4))] are 3 and 5, respectively. Hence the normal origami O n := (A n , (1, 2, . . . , n − 1, n), (1, 2, 3)) has n! 6 singularities of multiplicity 3, whereas the normal origami O n := (A n , (3, 4, . . . , n − 1, n), (1, 3)(2, 4)) has n! 10 singularities of multiplicity 5. It follows that there are two pairs of generators of A n defining normal origamis lying in different strata.
Recall that we multiply permutations from the left because we label the squares of a normal origami by multiplying generators of the deck group from the right.
The origami constructed in [AAH18, Example 7.3] is a normal origami with deck group A 5 . It lies in the same stratum as origami O 5 and thus could replace O 5 in the example above for n = 5.
Recall that two normal origamis (G, x 1 , y 1 ) and (G, x 2 , y 2 ) with isomorphic group of deck transformation group lie in the same stratum if and only if the orders of the commutators [x 1 , y 1 ] and [x 2 , y 2 ] agree. This is is the case for all possible pairs of generators of a group G if and only if the deck transformation group has property (C) (see Definition 3.12). Using Theorem 3.29 and Remark 3.30, we obtain Theorem B from the introduction.
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